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SQUARES IN ARITHMETIC PROGRESSION OVER CUBIC FIELDS
ANDREW BREMNER AND SAMIR SIKSEK
Abstract. Euler showed that there can be no more than three integer squares in
arithmetic progression. In quadratic number fields, Xarles has shown that there can
be arithmetic progressions of five squares, but not of six. Here, we prove that there
are no cubic number fields which contain five squares in arithmetic progression.
1. Introduction
There are infinitely many triples of integer squares in arithmetic progression, pro-
vided by the formulae:
(m2 − 2mn− n2)2, (m2 + n2)2, (m2 + 2mn− n2)2,
with common difference 4mn(m2 − n2). Euler showed that it is impossible to find
four integer squares in non-trivial arithmetic progression. (Henceforth, by arithmetic
progression, we shall always mean a non-trivial progression, that is, one with non-zero
common difference). In quadratic number fields, the example given by Xarles:
72, 132, 172, 409, 232
shows that arithmetic progressions of squares exist with five terms. Xarles [6] shows
that there are infinitely many such progressions, and that there cannot exist six-term
arithmetic progressions of squares in quadratic fields. He gives examples of four squares
in cubic number fields that lie in arithmetic progression, and implicitly shows, using a
theorem of Frey, that there are only finitely many cubic fields that contain six squares
in arithmetic progression. In this note we prove the following result.
Theorem 1. There are no cubic number fields containing five squares in arithmetic
progression.
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2. Some Geometry and Arithmetic
The equations relating five squares in arithmetic progression are as follows:
(1) S : a2 − 2b2 + c2 = 0, b2 − 2c2 + d2 = 0, c2 − 2d2 + e2 = 0.
The equations (1) define a curve S ⊂ P4 of genus 5, and S covers the five elliptic curves
obtained by “forgetting” each variable in turn, of ranks 0, 1, 0, 1, 0 over Q, respectively;
so S has totally split Jacobian. However, we do not use this explicitly in what follows.
The involution of S obtained by (a, b, c, d, e)→ (a,−b, c,−d, e) determines a quotient
curve C of genus 3 given by the equation
(2) C : y2 = x8 + 14x4 + 1 = (x4 + 2x3 + 2x2 − 2x+ 1)(x4 − 2x3 + 2x2 + 2x+ 1),
via the mapping
(3) (x, y) =
(
e− c
a− c,
4bd(a− 2c+ e)2
(a− c)4
)
.
Note that (3) implies
(4) x4 − 2x3 + 2x2 + 2x+ 1 =
(
2b(a− 2c+ e)
(a− c)2
)2
.
An arithmetic progression consisting of five squares belonging to a cubic number field
determines a point on S with coordinates in a cubic field (a “cubic point”) and this
maps to a cubic point on C—it cannot map to a rational point on C as the morphism
(3) has degree 2. We shall determine J(Q), showing that it is finite, where J is the
Jacobian of C, and use this to determine the cubic points on C. This last step is
somewhat clearer if explained in slightly greater generality.
Theorem 2. Let C be a hyperelliptic curve of genus 3 over Q with P0 ∈ C(Q). Suppose
that J(Q) is finite, where J is the Jacobian of C. Then C has finitely many cubic points.
Proof. For a divisor D on C, we write [D] for its linear equivalence class, L(D) for its
Riemann–Roch space, ℓ(D) for the dimension of L(D), and |D| for the linear system
of D. Recall the closed points of |D| correspond to effective divisors linearly equivalent
to D, and that dim|D| = ℓ(D)− 1.
Let D1, . . . , Dn be degree 0 divisors such that [D1], . . . , [Dn] represent the distinct
elements of J(Q). Let D′i = Di + 3P0. Suppose P is a cubic point, and let ∆ be the
effective irreducible degree 3 divisor obtained by taking the formal sum of conjugates
of P . Then ∆ ∼ D′i for a unique i, and in particular, ∆ ∈ |D′i|. As the divisors D′i have
degree 3, and C has genus 3, it follows from Riemann–Roch and Clifford’s inequality
that ℓ(D′i) = 1 or 2. Moreover, if ℓ(D
′
i) = 2 then D
′
i is a special divisor of degree 3; it
is known in this case (c.f. [1, Chapter 1, Exercise D.9]), as C is hyperelliptic of genus
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3, that the linear system |D′i| contains a base point and so does not contain irreducible
divisors.
To sum up ∆ ∈ |D′i| for some 1 ≤ i ≤ n such that ℓ(D′i) = 1. But if ℓ(D′i) = 1 then
dim|D′i| = 0, and in that case |D′i| consists of exactly a single divisor. 
The proof of Theorem 2 in fact gives a succinct recipe for determining the cubic
points on a hyperelliptic genus 3 curve, provided that the Mordell–Weil group of its
Jacobian can be computed, and is finite. We now do this for the curve C in (2).
Lemma 2.1. Let C be as in (2), and let J be its Jacobian. Let ∞+ and ∞− be the two
points at infinity on the model (2) where the function y/x4 respectively takes values 1
and −1. Write
Q1 =∞+ −∞−, Q2 = (0,−1)−∞−, Q3 = (−1,−4)−∞−.
Then
(5) J(Q) =
Z
4Z
[Q1]⊕ Z
4Z
[Q2]⊕ Z
8Z
[Q3].
In particular, #J(Q) = 128.
Proof. We first determine the torsion subgroup J(Q)tors of J(Q) and then show that
it is equal to J(Q). Let Q1, Q2, Q3 be the degree 0 divisors in the statement of the
lemma; their classes in J(Q) respectively have orders 4, 4, 8. Now 5 is a prime of good
reduction for the model C, and so the reduction modulo 5 map
π : J(Q)tors → J(F5)
is an injection [4, Appendix]. However, #J(F5) = 512, thus #J(Q)tors | 512. Let I be
the subgroup of J(Q) spanned by [Q1], [Q2], [Q3]. By explicitly computing π(I), we
find that I is precisely the group on the right-hand side of (5). Suppose I is strictly
contained in J(Q)tors. Then there is some P ∈ J(Q)tors\I such that 2P ∈ I. However,
π(I)/2π(I) injects into J(F5)/2J(F5). Thus there is some Q ∈ I such that 2P = 2Q,
and so P −Q is an element of order 2. To show that J(Q)tors = I it is now enough to
verify that I contains all the 2-torsion in J(Q). We did this with the help of Lemma 2.2
below; thus J(Q)tors = I.
A computation with MAGMA [2] confirms that the 2-Selmer group of J over Q is
isomorphic to (Z/2Z)3; for this MAGMA uses Stoll’s implementation of the 2-descent
algorithm described in [5]. As J(Q)tors/2J(Q)tors ∼= (Z/2Z)3 we have that the rank of
J(Q) is 0. This completes the proof. 
We are unable to find a description in the literature for 2-torsion on hyperelliptic
curves of odd genus, so we give one here, restricting to the case where there are two
rational points at infinity.
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Lemma 2.2. Let K be a field with characteristic 6= 2. Let g ≥ 3 be an odd integer,
and
f = x2g+2 + a2g+1x
2g+1 + · · ·+ a0 ∈ K[x]
be a monic separable polynomial of degree 2g + 2 ≡ 0 (mod 4). Let C be the genus g
hyperelliptic curve with affine model y2 = f(x) and let J be its Jacobian. A non-trivial
element of order 2 in J(K) can be represented by a divisor D such that
(i) either 2D = div(h) for some h(x) ∈ K[x] of even degree ≤ (g − 1) satisfying
h(x) | f(x),
(ii) or 2D = div(y − h1(x)) for some h1, h2 ∈ K[x], where h1 = xg+1 + 12a2g+1xg +
· · · , h2 has degree ≤ g and a ∈ K∗ such that f = h21 − ah22.
Proof. Write ∞+ and ∞− for the usual two points at infinity. Let D be a rational
degree 0 divisor such that [D] is 2-torsion. By Riemann–Roch we may replace D by a
linearly equivalent divisor
D = D0 − (g − 1)
2
∞+ − (g + 1)
2
∞−
where D0 is positive of degree g. Then 2D0 − (g − 1)∞+ − (g + 1)∞− is a principal
divisor, say equal to div(k) for some k ∈ K(C)\K. Thus k belongs to the Riemann–
Roch space L((g − 1)∞+ + (g + 1)∞−) which has basis
1, x, x2, . . . , xg−1, y − xg+1 − a2g+1
2
xg.
After replacing k by a scalar multiple, k either has the form k = h(x) where h(x) ∈ K[x]
has degree ≤ g − 1, or k = y − h1(x) with h1 = xg+1 + 12a2g+1xg + · · · ∈ K[x].
Suppose first that k = h(x). If h = h21h2 with deg(h1) ≥ 1, then we replace D by the
linearly equivalent D − div(h1). Thus we may suppose h is square-free. If α ∈ K is a
root of h that is not a root of f then k has a zero of order 1 at the points (α,±√f(α)),
which is impossible. We see that h(x) | f(x). Finally, h must have even degree so that
the valuations at the poles at infinity are even.
Next suppose that k = y − h1(x). The divisor of zeros of k has the form 2D1 where
D1 is positive. The divisor of zeros of k
′ = y + h(x) has the form 2D′1 where D
′
1 is the
image of D1 under the hyperelliptic involution. Now if α ∈ K is a common root of h1
and f then k = y − h1(x) has valuation 1 at (α, 0) which is impossible. In particular,
D1, D
′
1 do not contain Weierstrass points. It is easy to deduce that
f(x)− h1(x)2 = (y + h1(x))(y − h1(x))
has the form ah2(x)
2 for some a ∈ K∗ and h2 ∈ K[x]. Clearly the degree of h2 is at
most g. 
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3. Proof of Theorem 1
Let S and C be as in (1) and (2). It is sufficient to determine the cubic points on C
and verify that none of these pull back to cubic points on S. Let P be a cubic point on
C and let ∆ be the irreducible effective degree 3 divisor obtained by taking the formal
sum of the conjugates of P . To determine the possibilities for ∆ we follow the strategy
of the proof of Theorem 2. Let D1, . . . , D128 be degree 0 divisors on C representing the
128 elements of J(Q) (by Lemma 2.1, these can be expressed as linear combinations of
Q1, Q2, Q3). Let D
′
i = Di+3∞−. By the final paragraph of the proof of Theorem 2 we
know that ∆ is the unique rational divisor in |D′i| for some i such that ℓ(D′i) = 1. We
find that there are precisely 120 values of i for which ℓ(D′i) = 1; if fi is a generator for
L(D′i) then the unique rational divisor in |D′i| is given by D′i+div(fi). It turns out only
16 of the 120 effective divisors D′i+div(fi) are irreducible. This yields 16 cubic points
on C up to conjugation, and we verify that none of these pull back to cubic points on
S. As an example, (θ, 2θ2 + θ − 1) is a cubic point on C, where θ3 − 2θ2 + 2θ + 1 = 0.
This point pulls back to
(a, b, c, d, e) = (−φ4 + 2φ2 + 2, φ, φ4 − 2φ2, 2φ5 − 4φ3 − 3φ, −φ4 + 4φ2),
where
φ6 − 2φ4 − 2φ2 − 1 = 0 (φ2 = −1/θ).
Remark. A similar argument determines all rational points on C, and all points on
C that are defined over quadratic extensions of Q. This latter in particular yields an
alternative proof of a result of Gonzale´z-Jime´nez & Xarles related to five squares in
arithmetic progression in quadratic fields. We sketch details, as follows.
Suppose P ∈ C(Q). Then P −∞− ∼ Di for a unique i, so that P ∼ Di,1 where we
denote by Di,j the divisor Di+j ·∞−. Thus P ∈ |Di,1|, a space of dimension ℓ(Di,1)−1.
Now ℓ = ℓ(Di,1) takes values 0, 1, with |Di,1| empty when ℓ = 0 (in 120 instances). For
ℓ = 1 (occurring in 8 instances), |Di,1| is of dimension 0, and comprises a single divisor,
namely Di,1+ (f), where f is a generator for L(Di,1). The eight instances where ℓ = 1
now correspond to the eight rational points (1,±1, 0), (0,±1, 1), and (±1,±4) on C.
Suppose now P is a quadratic point, and let ∆ be the effective irreducible divisor of
degree 2 obtained by taking the formal sum of P with its conjugate. Then ∆ ∼ Di,2 for
a unique i, and ∆ ∈ |Di,2|. For 1 ≤ i ≤ 128, ℓ = ℓ(Di,2) takes the values 0, 1, 2. If ℓ = 0
(in 93 cases), then |Di,2| is empty. If ℓ = 1 (in 34 cases), then dim |Di,2| = 0, and the
linear system comprises the single divisor Di,2 + (f)(= ∆) where f generates L(Di,2).
In all but two of these instances, ∆ is reducible; the cases where ∆ is irreducible are
when Di = 3Q2+4Q3 and Di = 2Q1+Q2+4Q3, corresponding to ∆ = (i, 4)+(−i, 4),
and (i,−4) + (−i,−4). And when ℓ = 2, which occurs precisely when Di = Q1,
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then L(Di,2) has basis{1, x}, and the linear space |Di,2| comprises divisors of type
(t,
√
D) + (t,−√D) for t ∈ Q, D not a rational square. In conclusion, ∆ is thus either
fixed under the hyperelliptic involution, or is one of the pairs (±i, 4) + (∓i, 4).
The pullback to S of the point (i, 4) is the point
(a, b, c, d, e) = (
√
2, 1, 0, i, i
√
2),
so does not provide a quadratic point of S. The pullback of the point (t,√D) for t ∈ Q
is the point (a, b, c, d, e) =
(t2 − 2t− 1,
√
t4 − 2t3 + 2t2 + 2t+ 1, t2 + 1,
√
t4 + 2t3 + 2t2 − 2t + 1, t2 + 2t− 1),
where D = t8 + 14t4 + 1 = (t4 − 2t3 + 2t2 + 2t + 1)(t4 + 2t3 + 2t2 − 2t + 1). For
the point to be defined over Q(
√
D) it is necessary and sufficient that precisely one of
t4∓2t3+2t2±2t+1 be a rational square, the other a non-square. This recovers Lemma
4 of Gonzale´z-Jime´nez & Xarles [3], that an arithmetic progression of five squares in a
quadratic field is without loss of generality of the form (x20, x
2
1, x
2
2, Dx
2
3, x
2
4) for rational
integers xi and D.
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